
Physics 1320: Thermodynamics

Lecture #9

The Second Part of the Second Law: �Suniverse > 0:

�Die Energie der Welt ist konstant; die Entropie der Welt strebt einem
Maximum zu.�

-Rudolph Clausius

In the last lecture (Lecture #8) we calculated �S for the system, �Ssurr for
the surroundings, and their sum, �Suniverse = �S + �Ssurr ; for several di¤erent
processes. Depending on the particular process, for the system we observed
that there are three posssibilities; �S = 0; �S > 0; or �S < 0. Depending
on the particular process, for the surroundings we observed that there are three
posssibilities; �Ssurr = 0; �Ssurr > 0; or �Ssurr < 0. However, we noticed
that �Suniverse = 0 for a reversible process, and for irreversible processes we
noticed that �Suniverse > 0. The only time we found �Suniverse < 0 was when
we imagined an "unlikely" process, as in the hypothetical case of a cup of hot
water that spontaneously warms up to a temperature higher than that of its
surroundings.
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You will recall that Clausius�s statement of the second law - heat will not
�ow on its own accord from a cold body to a hot body - allowed us to prove that
all reversible heat engines have the same (Carnot) e¢ ciency regardless of the
working �uid. This shows that U(T; V ) and P (T; V ) for any �uid are related
to one another, and their relation can be written in terms of a state function
S(T; V ) that is connected to the reversible transfer of heat, i.e. �Qrev = TdS:
Apparently there is also a law about the direction of entropy change; for any
spontaneous (i.e. irreversible) process,

�Suniverse > 0:

Is this another law of nature, or is this just a part of Clausius�s statement of
the second law that we hadn�t yet realized? We will prove below that it is also
part of the second law that we hadn�t yet realized.

The proof follows from the Carnot cycle. We �rst need to establish the fact
that when a heat engine is run as a Carnot cycle between a hot reservior and
a cold reservoir, the direction on a PV diagram is clockwise, as shown in the
�gure below.

To appreciate that the direction is clockwise, you have to realize that the
isothermal expansion occurs when the �uid is in contact with the hot reservoir,
and the isothermal compression occurs when the �uid is in contact with the cold
reservoir. Why is this? The pressure is higher when the �uid is hot and the
pressure is lower when the �uid is cold. Thus the hot �uid expands and rotates
the �ywheel, whereas recompression of the �uid by the inertia built up in the
�ywheel occurs when the �uid is cold. This way the work performed on the
surroundings in the expansion stroke will be larger than work peformed on the
�uid by the surroundings in the compression stroke, which keeps the �ywheel
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rotating, and leads to Wnet > 0: The total heat added to the �uid in one cycle
is QH + Qc; and QH is positive while Qc is negative. This follows from the
e¢ ciency

QH =
Wnet

"

Since Wnet > 0; it follows that QH > 0: Since

QH = �Ucycle �Qc +Wnet

and �Ucycle = 0; it follows that

Qc = �Wnet

�
1

"
� 1
�
:

Since the e¢ ciency " < 1; the factor
�
1
" � 1

�
is positive, which proves that

Qc < 0: The signs are reversed if the engine is run backwards as a heat pump.
In the table below I have listed the signs associated with Wnet ; QH ; and Qc for
the two cases of heat engine and heat pump.

Wnet QH Qc
engine + + �
pump � � +

The proof that follows will be built on the information in this table, together
with the fact that a Carnot heat engine follows a clockwise path on the PV
diagram, and a Carnot heat pump follows a counter-clockwise path on a PV
diagram.

We begin by considering an irreversible adiabatic process that takes a �uid
from an initial state (T1; V1) to some �nal state (T2; V2). On a PV diagram, we
will represent these states by points A and B, respectively.
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I will put a dashed line on the graph connecting point A to B - dashed
because the system is out of equilibrium as it evolves from A to B.
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Next, I will draw a reversible adiabat as a reference line, passing through
the starting point A. The reason for drawing this line will become clear in a
moment.

Let us imagine returning the system from its �nal state B to its initial state
A. One way to do this is to put the �uid in contact with a heat reservoir at
temperature T2; and compress the �uid isothermally at temperature T2 until
we reach the reversible adiabat reference line - labeled as point C on the �gure
below.
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Then imagine reversibly and adiabatically compressing the �uid from point
C back to the starting point A.

Let us focus our attention on the return path, from point B to point C back
to point A. Since this is a reversible path, the change in entropy is given entirely
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by the reversible heat Qrev absorbed from the reservior at the temperature T2;

S(A)� S(B) = Qrev
T2

! Qc
Tc

You can see from the diagram that the isotherm and the adiabat return paths
comprise the �nal two paths on a clockwise Carnot cycle, so this means that
Qrev corresponds to Qc for a heat engine, and T2 corresponds to the temperature
of the cold reservoir. But we have just proved above that Qc is negative. This
means that S(A) < S(B): This means that for the irreversible adiabatic process
from A to B the entropy of the system increases,

�Sirrev., adiabat = S(B)� S(A) > 0: (1)

In the scenario above, you have probably noticed that point B is on the right
of the reversible adiabat passing through point A: What happens if point B is
to the left of the reversible adiabat?

In that case, to return to point A along a reversible path we will follow a
reversible isothermal expansion at temperature T2 to point C; and a reversible
adiabatic compression from point C back to point A: The di¤erence in entropy
along the reversible return-path is given by the reversible heat absorbed the
reservoir at temperature T2;

S(A)� S(B) = Qrev
T2

! Qc
Tc

However, this time we are traveling counter-clockwise over the middle-two legs
of a Carnot cycle - so we are operating this as a heat pump. i.e. a heat engine
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backwards. In such a case, the reservior at temperature T2 is still acting as our
cold reservoir, but now Qc is positive. This means that the change in entropy
from A to B;

�Sirrev., adiabat = S(B)� S(A) < 0; (2)

is less than zero.
Equation (1) predicts that the entropy of the system will increase for an

irreversible adiabatic process. Equation (2) predicts that the entropy of the
system will decrease for an irreversible adiabatic process. Are both possible?
Only the �rst scenario is possible, and here�s why. In the �rst case, where B
lies to the right of the reversible adiabat passing through A; and the heat Qc is
negative. Since �Ucycle = Qc �Wnet ; and �Ucycle = 0; this means that the net
work is negative;

Wnet = Qc < 0:

In the second case, where B lies to the left of the reversible adiabat passing
through A; the heat Qc is positive. Since �Ucycle = Qc�Wnet ; and �Ucycle = 0;
this means that the net work is positive;

Wnet = Qc > 0:

The second case implies a cyclic process with which we can extract heat Qc and
convert this to work Wnet while making contact with a single heat reservoir.
The reservoir would become colder while the work extracted could be used to
drive yet another heat pump, transfering heat from the same cold reservoir to
a hotter reservoir. Since it would not be necessary to provide work from the
outside to transfer heat from cold to hot, such a composite engine would violate
the second law. In contrast, the �rst case implies a cyclic process in which work
performed on the �uid results in a transfer of heat to a reservoir, and this does
not violate the second law.

We conclude that point B must lie to the right of the reversible adiabat
passing through A, and since Qc is negative for the reversible return path, we
conclude that S(A) < S(B):In summary, for an irreversible adiabatic process in
which a system initially in state A ends up in state B;

�S = S(B)� S(A) > 0; irreversible adiabat.

Since this is true for a process which takes place in a system that is not thermally
connected to its surroundings, it must also be true for a process that takes place
in an isolated system, i.e. a system that is not connected to its surroundings in
any manner. The universe is, by de�nition, an isolated system.

) �Suniverse > 0:

The second law is sometimes summarized as having two parts:
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The Second Law of Thermodynamics:
Part 1: S exists as a state function;

Part 2: �Suniverse > 0 for all spontaneous processes.

Any processes which takes place in nature (in a �nite amount of time, i.e.,
irreversible processes) must be such as to cause the entropy of the universe
to increase. A process will proceed, under its associated constraints, until the
entropy of the universe reaches a maximum, at which point, according to the
second part of the second law, the process must come to a halt. A state of
maximum entropy of the universe is therefore to be associated with a state of
equilibrium. It was with this idea in mind that Clausius summarized the �rst
and second laws of thermodynamics as follows:

�Die Energie der Welt ist konstant; die Entropie der Welt strebt
einem Maximum zu.�

Spontaneous Processes

At this point it is instructive to review the discussion in Lecture 2 concern-
ing the irreversible expansion of a gas against a constant external pressure. In
order to carry out this process, we imagined holding the piston in place with
removable pins, while lowering the external pressure. The irreversible expansion
took place once the pins were withdrawn, or once they fell out of place. Let us
take this as an analogy for the spontaneous processes which take place in the
universe. The world around us consists of an enormous collection of subsystems
which are pre-prepared so that they are in quasi- equilibrium with one another.
Each subsystem is teetering on the threshold of undergoing one type of spon-
taneous transition or another. It is simply a matter of time before that which
constitutes the �pins�for these processes break away, allowing them to proceed
spontaneously. Spontaneous processes may be regarded as physical or chemical.
A boulder may sit on a mountain today, but one day a piece of ledge will break
away and the boulder will fall. A piece of steel will spontaneously rust when one
day it is exposed to moisture and oxygen. Today�s apple will become tomorrow�s
rotten apple. Water in the bird bath in the morning will become water vapor in
the atmosphere in the afternoon. Each time such a process occurs, the universe
can not return to its previous state, for the entropy of the universe must become
a little bit larger with each event, and entropy is, after all, a state function.
At �rst glance, it appears that there are reverse processes that violate this

�second part� of the second law. As an example, suppose that a person were
to carry the fallen boulder back up to the top of the mountain. Wouldn�t this
restore the original state? If we were to look locally at only the boulder, we
would be inclined to agree. But we must be careful, because the law of increasing
entropy applies to the entire universe, and not just to a small subset of the
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universe. If we broaden our scope and include the changes in the person who
carries the boulder back up the mountain, and also include the heat transferred
to the environment from the person, we will �nd the entropy of the universe
increases even as the boulder is taken to its original position. Consider the
process in which iron ore is combined with carbon at high temperatures to
make a piece of steel. We can return our piece of rusted steel to its original
state by such a process. But in order to do so, we will consume coal to provide
heat, and we allow exhaust heat to escape into the environment. Were we to
account for the changes in raw materials along with the changes in the steel,
we would again �nd that the entropy of the universe always increases. Consider
also the example of a rotting apple. One of its seeds may grow into a tree,
and on this tree may eventually grow another apple that is not rotten. At �rst
glance, this would appear to be a return of the original state, which violates the
second law. On second glance, however, we should realize that the apple tree
only grows when it is exposed to the warmth and light of the sun. We should
therefore include both the sun and the rotting apple as part of the universe. If
we were to account for the changes taking place on the sun, the heat lost from
the sun, etc., we would again �nd that the entropy of the universe increases.
The apple may return to its original state, but the state of the universe will not
be the same. Its entropy will be larger.
The cosmological implications of this were realized in the late 1800s. The

entropy of the universe must increase with each process that takes place, until
the myriad of possible spontaneous processes is completely exhausted. At this
point, the entropy of the universe will be at an absolute maximum, and the
entire universe will be in a state of equilibrium. But this means necessarily
that the temperature will be the same everywhere. It will then be impossible to
run a heat engine, for example, since a heat engine requires reservoirs at least
two di¤erent temperatures. This desolate future has been referred to by science
�ction writers as the �heat death of the universe�.

What is entropy anyway? Each time a process takes place, the entropy of
the universe increases to a higher value, but in what manner does the universe
change as its entropy increases? For a reversible process, we can associate a
change in entropy with a passing of heat from a system to its surroundings.
However, while this provides a way of calculating a change in entropy, it does
not tell us what entropy is. After all, since entropy is a state function, it should
describe an inherent system property. Surely this property can not depend on
whether a system has exchanged heat with its surroundings in the past, or on
whether it will do so in the future.

Another irreversible process of interest is the spontaneous mixing of two
di¤erent substances. In trying to give a physical meaning to entropy, a mixing
process is particularly illuminating. Let us consider the mixing of two ideal
gases.

Example 1: Consider two identical 1 liter bulbs, connected to each other
through a stopcock. One bulb contains N2 gas at 1 atm pressure and 300
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K, and the other bulb contains He gas at 1 atm pressure and 300 K When
the stopcock is opened, the two gases are free to move between vessels until a
homogenous mixture is attained. Calculate �Suniverse for the process. Assume
ideal gas behavior.

Because the mixing takes place at constant temperature, and because the
gases are ideal, �U is zero. Since the gases can do no work on the surroundings,
W = 0: This means that Q = 0; so clearly

�Ssurroundings =
�Q
T

= 0:

To calculate �S for the system, let us concoct an imaginary reversible process
that connects the very same initial and �nal states that are connected in the ac-
tual physical process. For example, let us imagine partitioning a 2 liter cylinder
with two back-to-back semipermeable membranes, one on the right that allows
He to pass through but not N2, and the other on the left that allows N2 to pass
through but not He. Let us initially put N2 on the left side, and He on the right
side. If we slowly slide the right membrane to the right side of the cylinder, the
N2 gas will do work,

W =

Z
PdV = nnitrogenRT

Z
dV

V

= nnitrogenRT ln
2 liters
1 liter

= nnitrogenRT ln 2:

Since �U = 0 for an isothermal process for an ideal gas, this implies that

Q = nnitrogenRT ln 2;

and since this is a reversible process,

�S =
Qreversible

T
= nnitrogenR ln 2:
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Next, we can slowly slide the left ba e to the left of the cylinder, allowing the
He gas to do work

W = nheliumRT ln 2:

Again, since �U = 0; we have

Q = nheliumRT ln 2;

and
�S = nheliumR ln 2:

Adding up the two entropy changes, we see that the total change in entropy to
mix the N2 and He gases is

�S = (nnitrogen + nhelium )R ln 2:

) �Suniverse = (nnitrogen + nhelium )R ln 2:

�Suniverse = (nnitrogen + nhelium )R ln 2

=

�
PnitrogenVnitrogen

T
+
PheliumVhelium

T

�
ln 2

= 2� 1 atm� 1 liter
300 K

� ln 2

= 4:6� 10�3
�
liter-atm

K

�
= 4:6� 10�3

�
liter-atm

K

�
8:314 Joulesmole K

0:082 liter-atm
mole K

= 0:47
Joules
K

The example of mixing is illuminating because it shows that there is an increase
in entropy for an irreversible process even when no heat is transferred*. This
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suggests that entropy ought to be understood as a system property, without
regard to the notion of heat transfer. [*Although we have calculated the entropy
change above as if the process had been carried out reversibly using membranes,
and as if there had been reversible heat transfer. We must recall, however, that
Q = 0 for the actual process:]
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